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Comment on: “Zero temperature conductance of parallel T-shape double quantum
dots” [Physica E 39 (2007) 214, arXiv:0708.1842v1]
P. S. Cornaglia
Instituto Balseiro and Centro Ato´mico Bariloche,
Comisio´n Nacional de Energ´ıa Ato´mica, 8400 San Carlos de Bariloche, Argentina.
(Dated: November 30, 2018)
In a recent paper [Physica E 39 (2007) 214, arXiv:0708.1842v1] Crisan, Grosu and Tifrea revisited
the problem of the conductance through a double quantum dot molecule connected to electrodes
in a T-shape configuration. The authors obtained an expression for the conductance that disagrees
with previous results in the literature. We point out an error in their derivation of the conductance
formula and show that it gives unphysical results even for non-interacting quantum dots.
PACS numbers: 72.15.Qm, 73.23.-b, 73.63.Kv
The transport properties of double-quantum-dot
(DQD) molecules connected to electrodes in a T-shape
configuration have been the subject of several investiga-
tions using both numerical and analytical methods.1,2,3,4
In these devices an active dot is coupled to electrodes in
a field-effect-transistor geometry and a second dot is side
coupled to the first one through a hopping term.
In this particular geometry, an exact expression for
the zero-temperature conductance as a function of the
charge in the dots can be obtained assuming a Fermi
liquid ground state. It reads2
G =
G0
2
∑
σ
sin2[π(nAσ + nSσ)], (1)
where G0 = 2e
2/h is the quantum of conductance and
nAσ (nSσ) is the number of electrons with spin σ in the
active (side coupled) dot. This expression was obtained
in Ref. 2 using Meir and Wingreen5 formalism and exact
Fermi liquid relations in the wide-band limit.
Recently, Crisan, Grosu, and Tifrea (CGT)6 revisited
this problem using the same methods and obtained a
conductance formula that contains an additional term
in the r.h.s. of Eq. (1). This additional term arises,
however, due to an error in CGT’s derivation. In what
follows we show that CGT used an incorrect form for the
hybridization function that describes the coupling of the
DQD to the electrodes. As a consequence, their result
is invalid and leads to unphysical results even for non-
interacting quantum dots.
The Hamiltonian of the DQD device is given by
H = HD +HE +HDE , (2)
where
HD =
∑
ℓ=A,S
[Uℓnℓ↑nℓ↓ + εℓ(nℓ↑ + nℓ↓)]
− t
∑
σ
(
d†AσdSσ + d
†
SσdAσ
)
. (3)
describes the A− S quantum dot molecule and
HE =
∑
k,σ,α
εkα c
†
kσαckσα (α = L,R) ,
is the Hamiltonian of two non-interacting source and
drain electrodes. The coupling between the molecule and
the electrodes is described by the last term in the Hamil-
tonian,
HDE =
∑
k,σ,α
Vkα,A
(
d†Aσ ckσα +H.c.
)
.
From here on we set the Fermi level at zero and omit spin
indices, for the sake of simplicity. Meir and Wingreen5
derived a general formula for the current through an in-
teracting region coupled to non-interacting leads5
J = −
2e
h
∫
dǫ[fL(ǫ)− fR(ǫ)]Im[Tr {Γ(ǫ)G
r(ǫ)}]. (4)
where [Gr(t − t′)]ℓ,ℓ′ = −i〈d
†
ℓ′(t
′)dℓ(t)〉 is the retarded
contour-ordered Green’s function of the central region
(in our case the DQD), fL(ω) and fR(ω) are the
Fermi-Dirac distributions of the leads, and Γ(ǫ) ≡
Γ
L(ǫ)ΓR(ǫ)/[ΓL(ǫ) + ΓR(ǫ)] is given by the generalized
linewidth functions
[ΓL(R)(ǫ)]ℓ,ℓ′ = 2πρL(R)(ǫ)VL(R),ℓ(ǫ)V
∗
L(R),ℓ′(ǫ). (5)
Here ρL(R)(ǫ) is the electronic density of states of the
left (right) electrode, and VL(R),ℓ(ǫ) equals VkL(R),ℓ for
ǫ = ǫk. In deriving Eq. (4) Meir and Wingreen assumed
Γ
L(ǫ) ∝ ΓR(ǫ).
For the DQD in the T-shape configuration we have
Γ(ǫ) ≡
(
ΓA,A(ǫ) ΓS,A(ǫ)
ΓA,S(ǫ) ΓS,S(ǫ)
)
=
(
∆(ǫ)
2 0
0 0
)
, (6)
where ∆(ǫ) = (ΓLA,A(ǫ)+Γ
R
A,A(ǫ))/2. Replacing Eq. (6) in
Eq. (4) we obtain for the zero-temperature conductance
G = G0 π∆(0) ρAA(0), (7)
where ρAA(ǫ) = −
1
π
Im[GrAA(ǫ)] is the spectral density of
the active dot.
For non-interacting dots (U = 0), the DQD Green’s
function is given by
[Gr0(ǫ)]
−1 =
(
ǫ− ǫA + i∆(ǫ) t
t ǫ − ǫS
)
, (8)
2and the zero-temperature conductance reads
G = CG0
ǫ2S∆
2
(ǫAǫS − t2)2 + ǫ2S∆
2
. (9)
where we have defined ∆ ≡ ∆(0) and C =
4ΓLAA(0)Γ
R
AA(0)/[Γ
L
AA(0) + Γ
R
AA(0)]
2, which is equal to
one for ΓLAA(0) = Γ
R
AA(0). This expression can also be
obtained using Landauer formalism.
In their derivation, however, CGT used an expres-
sion for Γ(ǫ) which is inconsistent with its definition [see
Eq. (5)]
ΓCGT (0) =
(
−∆ it
it 0
)
. (10)
Furthermore this expression is not hermitian as it should
be, and has three matrix elements out of four different
from zero which doesn’t seem to correspond to any phys-
ical model. Using Eq. (10) the conductance has the fol-
lowing form7
GCGT = G0
ǫ2S∆
2 − 2t2ǫAǫS + 2t
4
(ǫAǫS − t2)2 + ǫ2S∆
2
. (11)
This formula has some clear inconsistencies and gives un-
physical results. For ∆ = 0 the dots are decoupled from
the electrodes and we should have G = 0. Equation (11)
gives, however, a non-zero result that can be larger than
G0 or even negative
GCGT (∆ = 0) =
2t2G0
(t2 − ǫAǫS)
. (12)
Furthermore, for ∆ non-zero a negative conductance
(ǫA = −4, ǫS = −4,∆ = 1, t = 2) or a conductance
larger than G0 (ǫA = −4, ǫS = −4,∆ = 1, t = 6) is ob-
tained. The additional term to Eq. (1) obtained by CGT
is a consequence of the use of this incorrect expression
for the conductance and is therefore spurious.
In summary, we have presented a derivation of the
zero-temperature conductance formula for a DQD de-
vice in a T-shape configuration and we have shown that
CGT’s conductance formula is incorrect and leads to un-
physical results.
We thank C.A. Balseiro for useful remarks and M.
Crisan useful correspondence.
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